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STRUCTURE OF NILPOTENT LIE ALGEBRA BY ITS
MULTIPLIER
PEYMAN NIROOMAND
Abstract. For a finite dimensional Lie algebra L, it is known that s(L) =
1
2
(n−1)(n−2)+1−dim M(L) is non negative. Moreover, the structure of all
finite nilpotent Lie algebras is characterized when s(L) = 0, 1 in [12, 15]. In
this paper, we intend to characterize all nilpotent Lie algebra while s(L) = 2.
1. Introduction
The history of Schur multiplier of Lie algebras and the results on it which are
appeared in the recent three decades shows that why this concept is the subject of
works of several authors.
The Schur multiplier of Lie algebra , M(L), have been appeared in several papers
since the beginning of 90’s decade and some results on it are obtained in [1, 2, 3, 8,
9, 10, 16, 17]. It is of interest to obtain much more results on the Schur multiplier
of Lie algebras analogues to, M(G), the Schur multiplier of group (see [7]).
Nilpotent Lie algebras take special attention of several authors, because of their
similarity to finite p-groups.
Let L and G be an n-dimensional nilpotent Lie algebra and a finite p-group of
order pn, respectively. By a result of Green [6] and Moneyhun [10],
t(G) =
1
2
n(n− 1)− log
p
|M(G)| and t(L) =
1
2
n(n− 1)− dim M(L)
are non negative integers.
Analogues to the results of [4, 5, 13, 14, 18] which are obtained by Berkovich,
Ellis, the author and Zhou about characterizing p-group by the order of its Schur
multiplier when t(G) = 0, 1, 2, 3, 4, 5 the result of [2, 8, 9] are given a vast classifi-
cation of finite dimensional nilpotent Lie algebra for t(L) ≤ 8.
The author in [11] gave a reduction of Green’s bound for the Schur multiplier of
non abelian p-group, and then he succeeded to obtain a similar result for a finite
dimension nilpotent Lie algebra in his joint paper [12]. More precisely, he proved
the dimension of the Schur multiplier of an n-dimensional nilpotent Lie algebra
is 1
2
(n − 1)(n − 2) + 1 − s(L), where s(L) ≥ 0. The same question is remained
”Can we characterize the structure of L by s(L)?” The answer to this question for
s(L) = 0, 1 is positive. In fact, the author in [12] and [15] showed that s(L) = 0 if
and only if L ∼= H(1)⊕A(n− 3) and s(L) = 1 if and only if L ∼= L(4, 5, 2, 4), where
H(m) and A(k) denote the Heisenberg and abelian Lie algebra of dimension 2m+1
and k, respectively. In the present paper, we answer to the question for s(L) = 2.
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We seek two purposes by characterization of Lie algebras when s(L) is in hand.
The first one, we have a vast classification of Lie algebras(see [12, Theorem 3.1]
and Theorem 2.7). The second one, the characterization of Lie algebras will be
simplified by t(L) (see [15, Theorem 3.8]).
Throughout this paper all Lie algebras are of finite dimension and L is said to
have the property s(L) = 2 or briefly with s(L) = 2, when dim M(L) = 1
2
(n −
1)(n− 2)− 1.
2. Characterizing nilpotent Lie algebras with s(L) = 2
In this section we intend to characterize all nilpotent Lie algebras with the prop-
erty s(L) = 2. First we introduce some useful results which are needed in our
proofs.
Lemma 2.1. (See [3, Example 3] and [10, Theorem 24]).
(i) dim (M(H(1))) = 2.
(ii) dim (M(H(m))) = 2m2 −m− 1 for all m ≥ 2.
Corollary 2.2. (See [12, Corollary 2.3] ). Let L be a Lie algebra, K a central ideal
of L and H = L/K. Then
dim M(L) + dim (L2 ∩K) ≤ dim M(H) + dim M(K) + dim (H/H2 ⊗K).
Theorem 2.3. (See [2, Theorem 1]). Let L1 and L2 be two Lie algebras. Then
dim M(L1 ⊕ L2) = dim M(L1) + dim M(L2) + dim (L1/L
2
1 ⊗ L2/L
2
2).
We are ready to obtain new results. Using notation of [8], we have
Theorem 2.4. Let L be an n-dimensional nilpotent Lie algebra with s(L) = 2 and
dim L2 = 2. Then
 L ∼= L(3, 4, 1, 4) or L ∼= L(4, 5, 2, 4)⊕A(1).
Proof. First assume that n = 4, [15, Lemma 3.6] implies that L ∼= L(3, 4, 1, 4).
In the case n ≥ 5, for the sake of clarity, we divide the proof into several parts
relative to dimension of Z(L).
Let dim Z(L) = 4 and L2 ⊆ Z(L), there exists a central ideal K of dimension 2
such that L/K is not abelian. By invoking [12, Theorem 3.1], we have dim M(L) ≤
1
2
(n−2)(n−5), and hence Corollary 2.2 implies that dimM(L) < 1
2
(n−1)(n−2)−1
which contradicts the assumption. The case L2 * Z(L) is obtained similarly.
Let dim Z(L) = 2 and L2 = Z(L). Since s(L) = 2, we may assume that n ≥ 6.
The proof of [15, Theorem 3.5] shows there exists a central ideal of dimension 1
such that L/K ∼= H(m) ⊕ A(n − 2m − 2) and m ≥ 2. Owning to Lemma 2.1,
Corollary 2.2 and Theorem 2.3, we should have
dim M(L) <
1
2
(n− 1)(n− 2)− 1,
which is a contradiction. One can check that the dimension of Schur multiplier of
L is less than 1
2
(n− 1)(n− 2)− 1, when L2 6= Z(L) or dim Z(L) = 1.
In the final case, let dim Z(L) = 3. Since s(L) = 2, it is readily shown that
L2 ⊆ Z(L). Let K be the complement L2 in Z(L), [12, Theorem 3.1] asserts
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that dim M(L/K) ≤ 1
2
(n − 2)(n − 3). On the other hand, Corollary 2.2 and the
assumption follow that
1
2
(n− 1)(n− 2)− 1 = dim M(L) ≤ dim M(L/K) +
(
L/(K ⊕ L2)
)
⊗K
= dim M(L/K) + n− 3,
which implies that dim M(L) = 1
2
(n− 2)(n− 3), hence L/K ∼= L(4, 5, 2, 4) due to
[15, Theorem 3.7], and so L ∼= L(4, 5, 2, 4)⊕K. 
Lemma 2.5. There is no n-dimensional Lie algebra with the property s(L) = 2
and dim L2 ≥ 3.
Proof. Taking k = 3 in [12, Theorem 3.1], we have
1
2
(n− 1)(n− 2)− 1 = dim M(L) ≤
1
2
(n+ 1)(n− 4) + 1,
which is a contradiction. 
Using Theorem 2.4 and Lemma 2.5, we may assume that dim L2 = 1.
Theorem 2.6. Let L be an n-dimensional Lie algebra and dim L2 = 1 with s(L) =
2. Then L ∼= H(m)⊕A(n− 2m− 1) and m ≥ 2.
Proof. Since dim L2 = 1, [15, Lemma 2.1] implies that L ∼= H(m)⊕A(n− 2m− 1).
Using Lemma 2.1 and Theorem 2.3 for all m ≥ 2
dim
(
M(H(m)⊕A(n− 2m− 1))
)
= 1
2
(2m2 −m− 1) + (n− 2m− 1)(n− 2m− 2)
+ (n− 2m− 1)(2m) = 1
2
n(n− 3).
A similar technic shows that dim
(
M(H(1) ⊕ A(n − 3))
)
= 1
2
n(n − 3) = 2, as
required. 
We summarize the results as follows.
Theorem 2.7. Let L be an n-dimensional nilpotent Lie algebra with the property
s(L) = 2 if and only if L is isomorphic to the one of the following Lie algebras.
(i) L(3, 4, 1, 4);
(ii) L(4, 5, 2, 4)⊕A(1);
(iii) H(m)⊕A(n− 2m− 1) for all m ≥ 2.
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